Abstract. In this paper, we will investigate the boundedness of the bi-parameter Fourier integral operators (or FIOs for short) of the following form:
1. Introduction L. Hörmander [10] defined the Fourier integral operator (FIO) T in the following form T f (x) = a(x, ξ) f (ξ)e iϕ(x,ξ) dξ, for f in the class of Schwartz functions S(R n ), where x ∈ R n is the spatial variable, ξ ∈ R n is the frequency variable, a is the amplitude function and ϕ is the phase
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function. In the study of FIOs, we often assume a ∈ S m ρ,δ , that is, a collection of smooth functions that satisfy (1.1) ∂ α x ∂ β ξ a(x, ξ) ≤ C α,β (1 + |ξ|) m+δ|α|−ρ|β| , a ∈ C ∞ (R n × R n )
for m ∈ R, ρ, δ ∈ [0, 1] and all multi-indices α and β. The phase function ϕ ∈ C ∞ is homogeneous of degree 1 in ξ and satisfies the non-degeneracy condition, that is the modulus of the determinant of the mixed Hessian of the phase does not vanish.
The local L 2 boundedness of FIOs with non-degenerate phase functions was investigated by G. Eskin [6] for a ∈ S 0 1,0 and by L. Hörmander [10] for a ∈ S 0 ρ,1−ρ , ρ ∈ [1/2, 1]. A. Seeger, C. Sogge and E. Stein [22] further established the local L p (1 < p < ∞) boundedness of smooth FIOs with non-degenerate and homogeneous ϕ for a ∈ S m ρ,1−ρ compactly supported in x, provided that ρ ∈ [1/2, 1], m ≤ (ρ−n)
. For more extensive study of local boundedness of FIOs, we refer to the book of C. Sogge [21] and references therein.
For the global L 2 boundedness of FIOs when ϕ ∈ C ∞ (R n × R n \ {0}) is homogeneous and a ∈ S 0 0,0 , see e.g. D. Fujiwara [8] . Applications to smoothing estimates for evolution partial differential equations require non-smooth phases, in addition to minimizing the decay assumptions on the regularity of symbols, see the works of M. Ruzhansky and M. Sugimoto [19] and more general weighted Sobolev L 2 estimates given by the same authors in [20] The global L p boundedness (when a is in the so called SG classes) was established by E. Cordero, F. Nicola and L. Rodino in [1] . Moreover, for the general amplitudes a from the classes L p S m ρ,δ where ρ, δ ∈ [0, 1], which depends on the growth/decay order of the amplitude in x and y variables, S. Coriasco and M. Ruzhansky [2] , and Rodríguez-López and W. Staubach [17] proved the L p estimate of the rough FIOs with non-smooth amplitude on x and smooth phases. The global L p boundedness of the rough FIOs with non-smooth phases ϕ ∈ L ∞ Φ 2 was carried out by D. Dos Santos Ferreira and W. Staubach [17] . We refer the reader to Section 2 for definitions of the classes L p S m ρ,δ for the amplitudes a and L ∞ Φ 2 for the phase functions ϕ.
In the work of Seeger, Sogge and Stein [22] , the following boundedness of Fourier integral operators (FIOs) was established. is a bounded operator from L p comp to L p loc . In [17] , global boundedness of FIOs was established by S. Rodríguez-López and W. Staubach when the phase function ϕ(x, ξ) and the symbol a(x, ξ) are not necessarily smooth with respect to x (see Kenig and Staubach [13] for such type of global L p estimates for pseudo-differential operators with non-smooth amplitude). 
Motivated by these works on L p estimates for one-parameter FIOs and the L p estimates for multi-parameter singular integral operators (see e.g., R. Fefferman and E. M. Stein [9] and Journé [12] ), and more recent works of the L p estimates for multiparameter Coifman-Meyer Fourier multipliers of Muscalu, Pipher, Tao and Thiele [14, 15] (see also [4] ), and the L p estimates for multi-parameter pseudo-differential operators (see [16] , [5] , [11] ), our main goal in this paper is to study the L p estimates for bi-parameter FIOs with the non-smooth phases and amplitudes with respect to x. That is, we will study the operator
with a(x, ξ, η) ∈ L ∞ BS m ρ as defined in Definition 2.3 in Section 2 and ϕ 1 (x 1 , ξ) and ϕ(x 2 , η) satisfy the rough non-degeneracy condition (2.2). (See Section 2 for definitions and the notations used here.)
We now make some remarks on the assumptions on the phase functions a(x, ξ, η) and amplitudes ϕ(x, ξ, η) in the bi-parameter setting of FIOs and explain that these amplitudes and phase functions are not necessarily covered in the classical case of one-parameter FIOs.
Remark 1.1. By Definition 2.3, it is easy to see that a(x, ξ, η) ∈ L ∞ BS m ρ satisfies weaker condition than the assumption on the amplitude in (1.1) in the one-parameter setting. Therefore, the bi-parameter FIOs we are considering in this paper indeed covers a wider class of amplitudes than those in the one-parameter case.
Remark 1.2.
The assumption for the phase functions ϕ(x, ξ, η) in (1.5) are given in a way where variables are separated in different parameters. We will see such an assumption is necessary. Recalling that in the study of the single parameter Fourier integral operators, the phase functions ϕ(x, ξ) are required to be positively homogeneous of degree 1 in ξ so that Euler's theorem can be used. Also, the phase functions need to satisfy some non-degeneracy conditions, as in Definition 2.6 or 2.8. In our bi-parameter setting, similar conditions are needed. On one hand, we need to make the phase functions positively homogeneous of degree 1 in both ξ and η in order to use Euler's theorem. On the other had, we also need to use the non-degeneracy conditions in separate variables. Therefore, it is necessary to make the phase functions defined in (1.5) as the sum of two functions in different variables. Moreover, there are phase functions satisfying our conditions but not those used in the single parameter setting. For example, the phase functions in the single parameter version of Theorem 1.4 on R 2n should satisfy
However, in bi-parameter setting, (1.5) implies
for all multi-indices α 1 satisfying |α 1 | ≥ 2. Note that the condition (1.7) is actually weaker than (1.6) for |α 1 | ≥ 2, |α 2 | = 0. Therefore, there are phase functions ϕ(x, ξ, η) in the bi-parameter FIOs that are not included in those considered in the one-parameter FIOs.
The main results of this paper are as follows:
are compactly supported on ξ and η and the phase functions ϕ 1 (x 1 , ξ), ϕ 2 (x 2 , η) ∈ Φ 2 satisfy the strong non-degeneracy condition (2.1) . Then the biparameter FIO
The above theorem requires the smoothness of phase ϕ(x, ξ, η) with respect to x, but allows non-smooth amplitude a(x, ξ, η).
. From theorems below, we will see the L q estimate still holds with non-smooth phase ϕ which satisfy the rough non-degeneracy condition (2.2) instead. 
To prove the above Theorem 1.4, we will first give the Seeger-Sogge-Stein decomposition of the bi-parameter FIOs (see Section 3):
We will prove the L p boundedness of T 00 (f ), and then we will prove the
properties of T respectively as follows, the interpolation argument gives the desired L p estimate. 
supported around the origin, the bi-parameter Fourier integral operator
The paper is organized as follows:
In Section 2, we give some definitions and preliminaries that will be used in the sequel.
In Section 3, we will recall the Littlewood-Paley decomposition and the SeegerSogge-Stein decomposition with some useful facts. The bi-parameter FIOs will then be decomposed in each parameter by using such decompositions. 
Some definitions and preliminaries
We begin with the following notations and definitions that will be needed in this paper. 
, and for all multi-indices α = (α 1 , α 2 ) there exists C α > 0 such that
Here, for s ∈ N we define the associated semi-norm
Moreover, ϕ(x, ξ) is positively homogeneous of degree 1 if and only if
, is positively homogeneous of degree 1 in the frequency variable ξ, and for all multi-indices α and β satisfying |α| + |β| ≥ k, there exists a positive constant C α,β such that
ϕ is positively homogeneous of degree 1, smooth on ξ ∈ R n \ {0} , measurable in x, and for all multi-indices α with |α| ≥ k there holds
Definition 2.8. A real valued function ϕ is said to satisfy the rough non-degeneracy condition, if it is
, bounded measurable in x, and there exists C > 0, such that for any x, y ∈ R n and ξ ∈ R n \ {0},
where
Next, we will give some lemmas needed to prove our main theorems. We begin with the following bi-parameter version of the one-parameter result established in [9] . 
where ζ 1 , ζ 2 are points on the unit sphere
is localized in the ξ variable around the point ζ 1 , η variable around the point ζ 2 .
Next we will establish the following bi-parameter kernel estimates.
where h γ (z) is defined to be 1 when |γ| = 0 and |z| −1+|γ| otherwise. Then, for all 0 ≤ µ < 1, we have
Proof. The desired estimate follows easily when |u|, |v| ≤ 1, so we consider |u|, |v| ≥ 1, and the cases |u| ≤ 1, |v| ≥ 1 and |v| ≤ 1, |u| ≥ 1 will follow similarly. Assume b(x, ξ, η) is supported in |ξ| ≤ M and |η| ≤ M for some M > 0. Let
we have
Note that the function β(x, ξ, η) .
Let χ be a C ∞ 0 (R n ) function which is one on the unit ball and zero outside the ball of radius 2, taking 0 < ǫ 1 , ǫ 2 ≤ 1, we have
Using (2.3) we can get that:
Similarly, we can obtain that
and
Thus |B(x, u, v)| has a upper bound
So for all 0 ≤ µ < 1, we have
The following lemma allows us to change variables for the non-smooth substitution.
Lemma 2.3 ([9]
). Let U be a measurable set in R n and let t : U → R n be a bounded measurable map satisfying
map satisfying the assumptions in the previous lemma with
U = R n , then u → u • t is a bounded map on L p for p ∈ [1, ∞].
The Seeger-Sogge-Stein decomposition for the bi-parameter FIOs
We begin with recalling the following Seeger-Sogge-Stein decomposition initiated in their work of one-parameter FIOs in R n [22] .
For any s > 0, choose a set of unit vectors {ξ
We want the union of the balls of radii 2 −s/2 centered at ξ 
We can then select a set of unit vectors {ξ µ s } µ of cardinality c n · 2 s(n−1)/2 that meet all the above conditions. Let {χ µ s } be a partition of unity on the unit sphere subordinate to this covering which satisfies the following conditions:
(1) Each χ We can then decompose the bi-parameter FIO T in (1.4) as follows: Taking the Littlewood-Paley partition of unity in ξ ∈ R
where supp Ψ 0 ⊆ {ξ : |ξ| ≤ 2}, supp Ψ ⊆ A ξ := {ξ :
By doing the Littlewood-Paley decomposition simultaneously in both ξ, η ∈ R n variables, then we can write
For j, k ≥ 1, by using the Seeger-Sogge-Stein decomposition write T jk as follows
We can choose the coordinates on R n = Rξ µ ⊕ ξ µ⊥ = Rη ν ⊕ η ν⊥ in the way
for all multi-indices α, β.
The following lemma gives us an estimate of the kernel. 
) .
Proof. This lemma is a direct result from [9] . By [9] , we have:
Together with (3.2), we can get the desired estimate.
Proof of Theorem 1.3
The proof is divided into several steps.
Proof.
Step I: Since supp ξ a, supp η a are compact, then there exist closed cubes
. We can choose ς 1 , ς 2 ∈ C ∞ 0 with supp ς 1 ⊆ Q 1 , supp ς 2 ⊆ Q 2 , and ς 1 = 1 on supp ξ a, ς 2 = 1 on supp η a such that a(x, ξ, η) = a(x, ξ, η) · ς 1 (ξ) · ς 2 (η). We then expand a(x, ξ, η) in a Fourier series:
Step II: We will prove that T ς 1 ,ς 2 is bounded from L q to L q . By Lemma 2.1, for some ζ 1 , ζ 2 ∈ S n−1 .
Then we have sup x |k(x, y)|dy < ∞.
Then we estimate |k(x, y)|dx, where we can do the change of variables 
Step III: We first estimate a k (x). By doing the integration by parts sufficiently many times for a k (x) = R 2n a(x, ξ, η)e
This completes the proof. In the following proofs, we will take advantage of the decomposition introduced in Section 3.
5.1. Proof of Theorem 1.5. By Lemma 2.1, we can write
The corresponding kernel is given by
, the following holds uniformly in x:
By Lemma 2.2, for all µ ∈ [0, 1),
Thus, we have sup x |K 00 (x, y)|dy < ∞, with the non-smooth change of variables and rough non-degeneracy condition,
So we have T 00 (f ) is bounded on L ∞ , L 1 respectively, and therefore bounded on
Proof of Theorem 1.6.
Proof. Theorem 1.5 implies the desired estimate for T 00 . For other cases, first consider for j, k ≥ 1
Let us consider the following differetial operators
Now for any integer m ≥ 1, we define the function
then from the integration by parts,
holds for all non-negative integers N, since |A ξ ∩ Γ 
Thus, for any M > n,
Taking advantage of the rough non-degeneracy assumption and Corollary 2.1, we have
.
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Thus,
) and M > n. Now we are ready to consider the case T 0k , and T j0 can be treated similarly.
where the kernel of T ν 0k is given by
for some ζ 1 ∈ S(R n ). Note that as before for |α| ≥ 1 and all multi-indices β,
which follows from the estimates
Using (5.1), we have
Then for any integer N ≥ 0, consider the operator
for all s ∈ [0, 1), where we use the single parameter version of Lemma 2.2. With the similar interpolation argument as the previous case, we can conclude that for any real number M > n,
Now we can conclude that
) and M > n.
Proof of Theorem
Proof. The L 2 boundedness of T 00 (f ) follows from Theorem 1.5.
Then we consider the case T µ,ν jk , we define an operator S µ,ν jk (f ) := T µ,ν jk (f ), so it suffices to prove
Instead, we can consider the operator S µ,ν
We consider the operator as before
Also, for all non-negative integers N, with g j (z) = 2 2j z
Using the interpolation argument as before, we have for all real M > 0,
With the non-smooth change of variable argument, it follows that
whenever M > n/2.
Note that R µ,ν jk (x, y) is symmetric, we have
Then we can conclude
Now we turn to the estimate for T ν 0k , as before we define S ν 0k (f ) = T ν 0k (f ), and we will show
Consider the kernel of the operator (S
Define the operator J = 1 − ∂
η ′ , as before we have for |α| ≥ 1 and all integers N ≥ 0,
3) and lemma 2.2, we find that
holds for all s ∈ [0, 1) and N replaced by any positive real number M due to the interpolation. That implies
for M > n/2, by using the non-smooth change of variables method.
As in (5.2), we have
jk (x, y)|dy
Then we can conclude Proof. Again, consider the decomposition used as in Section 3, the boundedness of T 00 follows from Theorem 1.5. For T µ,ν jk with j, k ≥ 1, recall
where the kernel of the operator T µ,ν jk is given by K µ,ν jk (x, y)
As the proof for L 1 case, with the following operator
To prove the desired L ∞ boundedness, we only need to control |K µ,ν jk (x, y)|dy. We can write
Now we can write
jk (x, ξ, η)dξdη.
For I 1 , using the Plancherel's theorem,
For I 4 , suppose l > n/4 is a non-negative integer, first consider the following estimate
If l is not an integer, we write l = [l]+{l}, where [l] is the integer part and {l} ∈ (0, 1). Using the Hölder's inequality, we have
Now we can get for any l > As before, we then consider the case for non-integer l, and we use the notations as before. .
Similarly, we can get that for all nonnegative real number l > n/4, for some ζ 1 ∈ S n−1 .
Also we have
J N e i(2 k ∇ηϕ 2 (x 2 ,η ν )−y 2 ,η ) = (1 + g k (∇ η ϕ 2 (x 2 , η ν ) − y 2 )) N e i(2 k ∇η ϕ 2 (x 2 ,η ν )−y 2 ,η ) ,
where g k (z) = 2 2k z 2 1 + 2 k |z ′ | 2 for z ∈ R n .
